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Abstract—This paper presents a novel technique for the rigid alignment of a perspective camera
to the deformations of a non-rigid object, using an adaptive visual servoing approach. Unlike
existing methods, the proposed approach does not rely on any parametric or model-based pri-
ors regarding the deformation. Assuming the availability of a pre-planned camera trajectory
observing the non-rigid object, the method aims to align this trajectory during the execu-
tion phase, utilizing only the most relevant landmarks as prior information. Importantly, the
approach does not depend on any parametric or non-parametric models of the underlying de-
formation physics. Instead, it is formulated as a tracking problem embedded within an optimal
visual control framework. This tracking process involves the visual servoing of geometric fea-
tures from the deformable object, bridging the gap between the planning and execution stages.
The optimal visual control is defined using a weighted least-squares criterion, which minimizes
the distance between the reference features and those observed in real-time. The weights are
time-dependent, smooth functions that encode the relevance of the visible object features. The
experimental results demonstrate the method?s ability to adapt to various pre-planned tra-
jectories and different types of deformations, without requiring prior knowledge, while also
exhibiting resilience to noise in the detection of image features.
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1. INTRODUCTION

Visual servoing refers to the use of computer vision data, acquired from one or more cameras,
to control their movement. Unlike vision-based tracking problems with rigid objects, for which
a certain maturity has been reached, tracking by visual servoing on non-rigid objects is still a
challenging problem. It has aroused much interest in recent years in the computer vision and
robotics communities [1]. Many potential applications are targeted, in fields such as augmented
reality, medical imaging, robotic manipulation, by handling a huge variety of objects: tissues,
paper, rubber, viscous fluids, cables, food, organs, etc [2].

One characteristic of deformable object tracking is that the object shape changes while being
tracked. Recent methods proposed a hybrid visual servoing decoupling the translational velocity
in Z-axis and three rotational velocities. Such method has improved the performance of classical
HVS (Hybrid Visual Servoing) in both image-plane and task space [3].

However, decoupling camera degrees of freedom put restrictions on the correction of camera
motion and can lead to non-smooth tracking of the object’s deformation. Tracking the geometry
of deformable objects such as rope and cloth is difficult due to the continuous nature of the object
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Fig. 1. Flowchart of the triangle-mesh-based visual servoing algorithm for deformable objects.

(i.e. an infinite number of degrees of freedom) [4, 5]. Most current method on tracking by visual
servoing requires both the knowledge of physical properties of the object and real-time monitoring
of the deformations. Several studies have focused on the monitoring of deformations in real time but
not simultaneously with the control of the deformation [6]. These methods are highly parametric
and require specific fine tuning that is strongly dependent on the physics of deformations. In this
work, we propose a robust approach to track object’s deformation by an optimal visual servoing. We
assume having a pre-planned reference camera trajectory viewing the targeted object. We assume
that this object is described within a mesh composed of set of triangular geometric primitives.
We do not assume any prior knowledge or information on the type or physics of deformation. We
used the liver as a reference deformable object. The addressed problem is stated as follows: Let us
consider a camera following a reference trajectory and viewing a liver. If the latter is deformed, then
how should one at best adapt the trajectory of the former. In the context of robotized laparoscopy,
this is a standard problem and is usually put at the responsibility of an operator who manipulates
the camera (the laparoscope) with a joystick according to the surgeon recommendation. This task
can be fully automatized given the resolution of two main issues: First, an appropriate liver tracking
which allows one to follow 2D features on the liver. Second, an automation criterion that allows
one to adapt to deformations and modify the camera trajectory accordingly.

This paper focuses on proposing a novel strategy to tackle the second problem.

This diagram 1 illustrates the flow of a triangle-mesh-based visual servoing algorithm used
for controlling a camera’s motion when observing a deformable object. The process begins by
initializing the reference trajectory and mesh data, followed by iterating through each point on the
trajectory. For each point, the algorithm processes each triangle in the object’s mesh, calculating
key parameters such as weights and interaction matrices. A visual servoing loop then iteratively
adjusts the camera’s position and orientation to minimize the error between the current image of
the deformed object and the reference image, ultimately producing an optimized trajectory that
accounts for the object’s deformation.
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The contributions of our work can be summarized as follows

(1) Define a camera-based motion planning to compensate non-rigid object deformations with
rigid camera motion. This definition allows us to formalize the viewing interaction between
the deformable object and the camera with a set of camera-triangle primitives. These triangles
are the geometric elements of the object’s mesh.

(2) Associate a continuous weight function to every pair of camera-triangle primitive. The con-
tinuity is along the camera-trajectory and allows us to ensure smooth tracking.

(3) Solve the visual servoing and tracking task in an optimal visual control framework. This
proposed method does not assume any prior on the object’s deformation. The aforementioned
weight functions encode the relevance of the camera-triangle primitives. The most important
target related primitives have higher weights and allows us to find the optimal camera motion
to compensate non-rigid deformations.

(4) Experimental validation demonstrates the robustness of the approach regarding the noise in

image detection, the variability in trajectories and type of deformations.
This paper is organized as follows. Section 2 presents the related state-of-the-art works.
Section 3 introduces the fundamental tools for our modeling. Section 4 describes the visual
servoing with optimal visual control and tracking. Section 5 presents the experimental results
and comments. Section 6 concludes the paper and draws a sketch of future works.

2. RELATED WORK

Tracking and visual servoing on non rigid objects are recent open problems. Many approaches
propose to use physics-based or data-based mechanical models embedded into the classic algorithms.
These methods are highly parametric and are fine-tuned for every specific type of deformable
objects. In this paper, we propose a generic approach that enables rigid camera visual servoing
to fit as much as possible visual features of objects subjected to non-rigid deformation. In this
section, we review the literature on visual servoing, visual tracking and image alignment.

2.1. Visual Servoing on Rigid Objects

Classic visual servoing is a method of controlling the movement of a robot using real-time feed-
back from vision sensors [7-9]. Visual servoing control has two basic approaches: Position-based
visual servoing and image-based visual servoing [10, 11]. In this paper, we use the position-based
visual control since we assume tracking 2D features on the target deformable object. The relation-
ship between the camera and the object is represented by an interaction matrix. This matrix can
be determined in the image space by points, lines or ellipses and moments [12, 13]. In this work,
point-based interaction matrix is used. It is used as an elementary building block for triangle-
based interaction matrices. The triangles being the primitives that compose the surface of the
deformable shape. Being an old problem, the literature of visual servoing on rigid objects is exten-
sive and cannot be covered in this paragraph. We cover here, some main results of these works.
Janabi et al. [14] used a reduced set of holes, circles and wedges as characteristics for their avail-
ability in many industrial parts and for their easy and robust extraction. Chaumette [15] used the
moments calculated by image segmentation to determine the analytical shape of the interaction
matrix. Molnar et al. [16] offered a marker-based visual servo technique for automated camera
positioning in the case of Robot-Assist minimally invasive surgery. Their approach is to keep the
followed surgical instrument within the limits of the camera image. This is done by constantly
adjusting the endoscopic camera manipulation pose instead of keeping the instrument in the center
of the image. In addition, the interaction matrix can be determined by a hybrid visual servoing
which combines image-based visual servoing and position-based visual servoing. Theb [17] proposed
a real-time and inversion-free control strategy on the basis of sampling-based model predictive con-
trol algorithm for both image-based and position-based visual techniques. They considered system
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constraints and uncertainties parameters associated with the robot and the camera measurement.
In this paper, we do not consider model uncertainties and we do not use a predictive control scheme.
Instead, we use an optimal visual control framework to compensate for both noise and deforma-
tions. We propose to use a continuous weight functions on the triangle primitive to account for
their relevance while tracking the reference trajectory.

2.2. Visual Servoing on Non-Rigid Objects

Robotic manipulation of non-rigid objects is a difficult task due to the deformations that occur
which add several degrees of freedom to the initial problem with rigid objects. Among deformations
we can cite shearing, scaling, stretching, torsion, compression, etc. Human organs are relevant cases
of non-rigid objects with a variety of shapes and deforming behaviors [18]. Using such objects with
visual servoing approaches gives solutions to automate problems in medical and surgery contexts.
For instance, augmented reality to overlay MRI (Magnetic Resonance Imaging) images on live
laparoscopic’s stream [2], robotized laparoscopy to guide the laparoscope, etc. Hu et al. [19] pre-
sented a controller based on a deep neural network to control the position and shape of deformable
objects with unknown deformation properties. They treated the nonlinear properties of the de-
formable objects and used a multilayer neural network to model the mapping function. In this
work, we do not use any prior model on the deformation of the organ. We use a a set of continuous
weight functions that allows us to account for relevant regions to focus on. Jia et al. [20] presented
a histogram of oriented wrinkles to describe the variation in shape of a highly deformable object.
The characteristics of the deformable object are calculated by applying Gabor filters and extracting
the high and low frequency components. They precomputed the visual feedback using an offline
training phase that stores a correspondence between these visual characteristics and the speed of
the end effector. Our approach uses an optimal visual control setup which offers in-line camera
correction without requiring to acquire data or train neural networks. Hu et al. [21] designed a
servo algorithm that can learn a nonlinear deformation function along with the manipulation pro-
cess. They used Gaussian process regression to model and learn the deformation parameters of a
soft object. In this paper, we propose a generic approach that enables rigid camera visual servoing
to adapt as much as possible visual features of objects subjected to non-rigid deformation. The
proposed method uses a triangular mesh representation of the visualized object. It computes a
relative camera rigid repositioning which fit the most relevant triangular primitives without fully
ignoring the remainders.

2.8. Visual Tracking of Non-Rigid Objects

Tracking deformation has been studied in several works [22-25]. Chen et al. [26] presented
a two-step object tracking method. They used the kernel-based method to efficiently locate the
object under complex conditions with camera movement. For precision, they improved the tracking
accuracy by using the contour-based method to follow the object’s contour precisely after locating
the target. Cao et al. [27] assumed that the extension of an object would deform from a reference
by moving certain control points of the latter towards those of the old one. In our method, we
do not consider any model of the deformed object. Our motion compensation is based on relevant
image feature differences. Joo et al. [28] presented a generative body deformation model which
has the capacity to express the movement of every principal part of the object. Royer et al [29]
presented a novel approach for tracking a deformable anatomical target within 3D ultrasound
volumes. This method is able to estimate deformations caused by the physiological motions of the
patient. The displacements of moving structures are estimated from an intensity-based approach
combined with a physically-based model and has therefore the advantage to be less sensitive to the
image noise. Our method does not process a 3D reconstruction of the object and focuses only on
the best move of the camera to compensate deformations and ultimately noise. Royer et al [30]
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extended their former work by proposing a 3D tracking method which is regularized by a statistical
motion model obtained from biomechanical modeling. However, their method requires manually
identifying certain points of the target object (here a prostate) on each ultrasound frame in order to
drive the model. Kajihara et al. [31] developed a system that tracks the trajectory of a line drawn
on a flexible object. They estimated the tracking performance with speed and precision in the
presence of many uncertainties based on dynamic compensation. In the proposed approach, there
is no pattern that is drawn on the target object. Instead, a set of weight functions are pre-defined
on pre-selected regions of the deformable objects. These regions are defined within a set of object’s
mesh triangles.

2.4. Image Alignment

Image alignment is relative to the alignment of two or more images of the same scene on a
common spatial axis. It plays an important role in computer vision and graphics, such as struc-
ture from motion, 3D reconstruction, motion tracking and recovery [32, 33]. The problem we are
addressing can be seen as an image alignment of a deformable scene. Indeed, the camera motion
compensation that is calculated by our method can also be used to align the current image with
the reference image from the pre-defined trajectory. Shingo et al. [34] proposed a technique to
align an end-edge of flexible sheet object to a specified line segment in 3D space. They made online
estimation for a relative pose between the end of the edge and the robot hand in the visual servoing
control laws. Our method relies on feature points instead of line features. Xi et al. [35] focused
on parametric and non parametric alignment method which have complementary strength. They
proposed a feature based parametric alignment using one or more homographies followed by non-
parametric fine pixel wise alignment. Our method is non-parametric regarding to the deformation
of the object. Dong et al. [36] proposed the spectral-spatial weighted kernel manifold embedded
distribution alignment method for the classification of remote sensing images. They used a filter
to express the mean spectrum of the neighboring pixel samples from each pixel sample. In this
work, we consider the 2D feature points as being known. Mathiassen et al. [37] proposed a visual
servoing method to move the ultrasound probe, using a robot to align the image plane of the probe
with the needle. The method segments the needle and updates a set of visual features based on a
model of the needle. A state machine is used to keep track of the alignment process, and different
visual features are used to control the probe in the different states. In this paper, we consider a
perspective camera model. The proposed method can be applied to ultrasound sensors however
it will be necessary to modify the projection model that is used in this paper. Mura et al. [3§]
presented a vision-based haptic feedback system with the aim to assist the movement of an endo-
scopic device during capsule endoscopy guidance. It allows the user to control the movement of
the capsule along the generated path. The haptic module also helps the operator by transforming
the 3D maps and the relative paths into a guiding virtual force. Measuring the current relative
distance between the user input and the maps boundaries, the haptic guidance module will check
if the user is moving away or toward the colonic walls and will generate a feedback force with the
aim to assist the operator during the navigation procedure. The user will also sense an attractive
virtual feedback force toward the generated path that will help the user in the navigation. Our
method can be applied to feed the haptic module with the necessary correction. Indeed, instead of
compensating the trajectory of the camera, one correct the trajectory of the capsule by controlling
the haptic joystick.

3. VISUAL PRIMITIVES AND INTERACTION MODELING
3.1. Definitions

3.1.1. Triangle. Let us consider a triangle T" as a basic geometric primitive composed of 3 points
in the 3D workspace. Let L =R’ be the configuration space of this primitive. We denote by
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Fig. 2. Perspective projection of a triangle on the image plane of a camera.

| = (X1, X9, X3,Y1,Ys,Ys, Z1, 75, Z3) " the configuration of T in L. Where (X;,Y;, Z;)",1<i <3
being the coordinates of the three vertices composing triangle 7'. Index i represents the number of
the vertex in the considered triangle.

3.1.2. Camera. Let us consider C' as a camera that maps one or several triangular primitives
to a 2D feature in the image space. Let C' = SE(3) be the configuration space of this sensor. We
denote by c the configuration of the camera in the space C.

3.1.3. Sensing a triangle. The perception of a triangle 7" by a camera C' can be characterized by
a continuous mapping:

:CxT— Iy, (1)
(¢,1) — T(c, ). (2)

That associates to each configuration of the camera and the triangle a feature in the image space
I.; C RS. The image space being composed of the projection of the triplet of points describing
the triangle of interest (see Fig. 2). Remark that II is usually defined over a subset of C' x T
corresponding to configurations pairs of the camera and the triangle that must be in the field of
view of the camera. In the case of a perspective camera, Il can be written as

.
(e,l) = (11 =X1/Z1, @3=Xa/Zs, w3=X3/Z3, n=Y1[Z1, y2=Ya/Z, ys=Ys/Zs) . (3)

3.2. Localization and Visual Servoing

3.2.1. Localization Equation. Let us consider a camera at a configuration c¢€ C. Let us con-
sider m triangles T1,...,T,, of known configurations l1,...,l, € L, where each of them is visible
from a camera C'. Therefore, each pair (C,T;) of camera-triangle gives rise to a localization equation
system:

H(C, lz) = zmz (4)
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Where im; € I, is the projection of T; in the image space. #m; is measured and can thus be
supposed as known. It can be denoted as im; = (z1, z2, 3, Y1, Y2, yg)T. The knowledge of ¢ and [;
is addressed in the next section.

3.2.2. Visual Servoing About a Reference Configuration. If the camera is expected to follow
a reference trajectory viewing a reference object that can deform, then the result of equation (4)
is expected to be in the neighborhood of a reference configuration of the camera and a reference
configuration of the object. If we neglect the remainder of the linearization, then equation (4) can
be linearized as follows:

oIl

e (co,10i)(l; — loi) = im; — imo;. (5)

(co, loi)(c — co) + %—1?
Where ¢ is the reference configuration of the camera on the pre-defined trajectory. [ly; is the
expected reference configuration of the viewed triangle with reference features at img; in the image
space I.;,. At execution time, both of these reference configurations can be different from runtime
configurations for two main reasons: Camera drift and object deformation. These consideration are
valid if one assume that the localization is ran at high frequency [39] (faster than both the camera
control loop and the dynamic of object’s deformation ). im; and imy;, respectively, represent the
image of triangle T; in sensor C' and the expected image, i.e., the image that would be seen from
conﬁguration co if there was no camera drift and no object deformation.

W is the Jacobian matrix of order 6 representing the variation of the image with respect to the
variation of the camera configuration. This Jacobian matrix derives from the geometric properties
of the camera and triangle. It represents the so called interaction matrix in the classic visual
servoing terminology. %—1? is the Jacobian matrix of order 6 x 9 representing the variation of the
image with respect to the variation of the triangle configuration. This Jacobian is the zero-matrix in
the case of non-deforming objects. Most of the previous works have modeled this matrix either with
physics-based equations of deformations or with data-driven machine learning algorithms [40-42].
In this work, we use an optimal visual control framework to embed the control loop of the visual
servoing algorithm. This approach allows us to account for the deformation behavior without
having to numerically calculate or regress the deformations. Let us first focus on the analytical
formulation of the interaction matrix. It is well known that for a single point at 3D corrdinates
(X,Y, Z) perceived at 2D coordinates (z,y), the interaction matrix that relates variations of the

camera pose to variations of the 2D projected coordinates is written as [15]:

1 —Y
- 0 — —xy 1+22 —y
Ly(x,y, 2
L(x,y,z)zlL( y )]: z 7 2 . (6)
0 7 —(14vy) zy =

The camera intrinsics are assumed to be known and undone from pixel coordinates. If we
consider a triangle T at reference coordinates lo = (X?, X9, X9, Y2, YL, VY 29, 29, Z9) T (see for
instance Fig. 2), we represent the associated interaction matrix as

u$17y1a
u

oIl

)]

2 7927 )
——(co,loi) = %)
de )

Lu(

Ly (2%

Lu($3 793 )
LU($1 7yl 7ZO7J
Lv(x2 >92 aZOZ)
_Lv(xs »ym Z )

AUTOMATION AND REMOTE CONTROL Vol. 86 No.2 2025



172 YASSER et al.

Where im® = (29,29, 29, 49, 19,43, 29,29, 29) T is the reference projection of the triangle onto the

camera plane (focal length and camera center are considered as known and undone.). We invite
the reader to refer to appendix A.1 for more details on the definition of ¢ and %—g(co, log)-

3.2.3. Weighted Triangle-based Visual Servoing on Rigid Objects. If we consider the object as
being rigid, then [; = ly; for all the m triangles and equation (5) simplifies to:

oIl . .
a—(C(), l0i)(c — CO) = 1m; — 1My;. (8)
c
Classic visual servoing approaches on rigid objects consist in solving for the camera pose ¢ such an
equation for the whole set of triangles. This equation defines and solves the local task that is to fit
the current triangle’s view to the expected one. We can further assign real positive weights to the

object’s triangles that are relevant to the current task. The above equation turns to be

o1l . .
wla (CQ, lol')(c — Co) = w; (zmi — ’Lmol'). (9)

Here wj is the assigned weight to triangle L;. Considering the whole set of triangles composing the
objects with their associated set of weights, we build the following system of equations

W(e—co) =IM — I M. (10)
Where
oIl
—(c, 1
wo e (C, 0)
W= s , (1)
oIl
m o~ 7lm
w 5C (c,lm)
w1tMmy w1tMmo1
IM = : and IMy= : . (12)
WM, WinMom

To solve equation (10) for the camera pose in the rigid object case many consideration can be taken.
For instance, the noise in the measurement of the triangle positions in the image, the inaccuracy
of the 3D object shape that was scanned or modeled beforehand, etc. If the number of triangles
is too large, the system of equations (10) has no exact solution and the servoing task is said to be
over-constrained. In the contrary, if the system of equations (10) is underdetermined, there are an
infinite number of possible camera poses that satisfies it. In this case, considerations like minimum
norm solution can be taken to solve the system 10 as it was done in [39]. In the next section,
we describe our third contribution which is embedding the weighted triangle-based visual servoing
formalism in an optimal visual control framework for non-rigid objects. This embedding allows us
to calculate the correction to impose to the camera motion while tracking a reference trajectory on
a deforming object. The proposed approach does not consider any prior knowledge or parametric
model that describes the deformation of the target object.

4. SERVOING ON DEFORMABLE OBJECTS WITH AN OPLIMAL VISUAL CONTROL

In 3D reconstruction of deformable objects from monocular views, the assumption of considering
that any deformed shape lies at the minimal stretching/compressing energy has proven to be
effective [43-46]. In our work, we do not aim to infer the 3D shape from the 2D view. We
only need to compensate the deformation with a camera motion. Thus we define such motion as
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Fig. 3. Weight effect illustration. In this figure, we consider a reference camera in green viewing two reference
triangles in green color. After deformation, the red vertices move in opposite directions by Al along the
vertical axis. This shift causes a non-rigid deformation of the two triangles. We consider here two scenarios:
Left figure considers equal weights for both triangles. In this case, the correction with equation (14) does not
produce any motion since the motion of the vertices compensates each other and the triangle have the same
weight. Right figure considers the top triangle with a weight twice the value of the bottom one. In this case,
equation (14) produces a vertical shift with half of Al. If w2 = 0 then the correction would be a vertical shift
to the top within Al.

being the one for which the stretching/compressing energy is minimal. Using equation (5), this
statement comes to minimizing the deformation seen through the perspective projection, which can
be formalized as follows

1 <\ || o11 2
¢ =argmin= > || = (co, los)(li — los)| 13
¢ ar(}genéln2 Z:l 3l (co, Loi)( 0i) , (13)
o1l ~ . .
S.t. W(CO, lOz)(lz — loz) + —(Co, l0i)(c — CO) = (zmi — szi).

Jdc

In our work, we aim at giving more importance to some spatial deformation than others. This
goal is formalized through the association of real positive weight values to triangular primitives.
Thus the above criterion can be rewritten as

1<K oIl 2
C = ing i (o, loi) (L — log)|| 14
¢ ar(inélnzg w 3l (co, Loi)( 0i) , (14)
o1l 11 ~ ) .
s.t. wiW(CO, lOz)(lz — lOz) = —wi%(co, lOi)(C — Co) + wi(zmi — ’Lmol').

This criterion allows us to estimate a rigid camera motion ¢ which minimizes the view between
reference and current deformed shape. The weights allows us to give more importance to some
regions above others as illustrated in Fig. 3. The following expression is used to compute the
correction of the camera pose.

Proposition 1. Let us consider a camera at some reference configuration co € C'. The camera is
viewing a deformed shape that is assumed to be at its minimal stretching/compressing energy. The
rigid camera motion compensation ¢, which satisfies criterion of equation (14), can be calculated
as

é=co+WTIM — IMy), if W is full column rank, (15)
t=co+ W (WWT)"YIM — IMy), else and if W is full row rank. (16)

W being the pseudo-inverse matrix of W.
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Proof. Taking into account equation (14) and using the linearisation equation (5), we write the
optimal criterion as

1 & 2
¢ = argmin— Z
ec 2

11
’wia—(Co, l0i)(c — CO) — wz(zmz — imOi)

9 (17)

2

This is exactly the weighted sum of the squares of the Euclidean norms of the differences between
each image that would be seen from ¢ € C' and the image seen at run time. This minimization can
be rewritten in a concatenated formula as

1
¢ = argmin=||W (¢ — c¢o) — (IM — IMoy)||3. (18)
cec 2

If W is full column rank, then solving for ¢ this weighted least-squares problem gives the following
solution

é=co+ (W W)W (IM — IMy). (19)

In our work, we consider that at every instant time there are sufficient visible triangles to
compute the correction for the 6 degrees of freedom of the camera. For this purpose, we require
at least 2 triangles to be visible to avoid ambiguous situations [45]. Given a mesh of N points,
and a camera tracking full regions of this mesh, it is fair to consider this condition being verified
in most of the time. In some edge cases where this might not be verified (for instance the camera
is too close to the object), we setup a safe test for the number of visible triangles which allows us
to compute the solution of minimum norm. If W is full row rank, then the camera correction is
computed as the minimum norm of camera motion satisfying the following criterion [47]

1
¢ = argmin—||¢ — coll2 s.t. W(é—co) = (IM — IMy). (20)
dec 2

Given that W is full row rank, the solution of this under-determined least-squares problem is given
as

e=co+WTIWWT)™HIM — IMy). (21)

In some isolated degenerate cases where W is neither full column rank nor full row rank, the camera
is not corrected from the reference configuration and we keep ¢ = ¢g.

The developments conducted in this section can be summarized as follows. Rigid compensation
with camera motion of a nonrigid object motion consists of solving a system of equations that
relate the configuration of the camera with the images of the object’s triangles. If the system is
over-constrained, the compensation consists of finding a configuration that minimizes a weighted
sum of residues. If there is no deformation and the triangles are all rigid, the choice of weights will
have no effect on the result (ignoring noise in vertex detection). If the object’s triangles deform,
the choice of weights will have an effect on the corrected configuration ¢ as illustrated in Fig. 3.
For this reason, we propose to use these weights as a tool for planning triangle mesh-based motions
for deformable objects.

4.1. Triangle-Mesh-Based Motion for Visual Servoing on Deformable Objects

Definition 1. Let us consider a camera following a reference trajectory and viewing a deformable
object meshed with m traingles T1, ..., Ty,. A triangle-mesh-based motion is composed of two main
components:
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(i) A reference trajectory
v:[0,1] = C: s+ ~(s), (22)

where [0, 1] is a normalized interval of the trajectory temporal parameter s.

(ii) m continuous positive real-valued functions wi, ..., Wp,:
w; :[0,1] = RY s = w;(s), (23)

such that w; (s) =0 for any s such that 7; is not visible by camera C' when the camera is
at configuration y(s). Continuity of w; is required to avoid undesirable jumps during the
correction of the camera trajectory [39].

The above triangle-mesh-based motion for the rigid motion compensation of the camera pose
consists in correcting the current configuration of the camera within the closed-loop control task by
computing the correction from Proposition 1 about the reference configuration v(s) and with values
of the weights w;(s) for abscissa s along the trajectory. The correction formula can be written for
a given abscissa s as

1) If W(s) is full column rank

&(s) = (s) + (W(s) 'W(s)) "' W(s) " (IM(s) — IMo(s)). (24)
2) If W(s) is not full column rank but is full row rank

&(s) =(s) + W(s) (W (s) W(s) )" (IM(s) — IMo(s)). (25)
3) Else

é(s) = 7(s). (26)

Where W (s), IM(s) and I My(s) are extensions of the notations in equations (11) and (12) when
the reference camera configuration follows a reference trajectory co(s) = v(s), s€[0,1]. The case 3
of equation (26) is an edge case and almost never occurs. It is used as a safety case if ever W
is neither full column rank nor full row rank. The above formulas of corrected trajectory é(s)
from equations (24)—(26) can be interpreted as the one satisfying an optimal visual alignment
and represents the minimum of the integral along the whole trajectory of the difference between
reference view and current deformed view as follows

1
7=/
0

In order to have smooth corrections it is necessary to have continuons weights [39]. This is the case
if for instance the weights are proportional to the 2D area of the viewed triangle in the image plane
(see the experimental Section A.2 for details on their usage and their computation). If the object
is an organ and the task consists in compensating the deformations viewed by a laparoscope, then
ideally the weights can be set manually by a technician before surgery. Indeed, a surgeon with the
help of technician can point the main target area of an organ to be kept steady when seen by the
laparoscope. The technician can then set higher weights to those area compared to others. Such
semi-automatic process can be done at the surgery planning.

W (c(s) = 7(s)) = (IM(s) = IMo(s))|3 ds. (27)

N =
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5. PROPOSED ALGORITHM AND IMPLEMENTATION DETAILS

Algorithm 1 Triangle-Mesh-Based Motion for Visual Servoing on Deformable Object
Require: Reference trajectory v : [0,1] = C : s — v(s);

Require: Deformable object meshed with m triangles Ty, ..., Tp;

Require: step_size for sampling reference trajectory;

Require: max_iter for maximum number of iterations;

Require: ¢;, stopping error on image difference;

1: Initialization:
2: Load reference trajectory -« for the camera;
3: Load data mesh of the reference object;
4: Load data mesh of the same object in its deformed state;
5: Trajectory Loop:
6: for s € [0, 1] with step_size do
7:  Get current camera configuration c(s) < y(s);
8:  Triangle-Mesh Loop:
9:  for each triangle ¢ from 1 to m do
10: Get current weight w; by applying formulas in equations (B14) and (B15);
11: Get current interaction matrix by applying formula of equation (7);
12: Get the reference image projection im!? of the triangular primitive;
13: Compute the current task function of the triangle using equation (10);
14:  end for
15: error <— €;m + 1;
16:  dter < O;
17:  Visual Servoing Loop:
18: while iter < max_iter or error > €;,, do
19: Get the current image projection primitive ¢m; from the current camera pose;
20: Assemble object weighted interaction matrix W using equation (11);
21: Assemble reference and current object weighted image I M, I My using equation (12);
22: Solve the optimal servoing function using equations (24), (25), (26);
23: Use the obtained ¢(s) to update the current camera configuration;
24: iter < iter + 1;
25: error < ||[W (¢é(s) — c(s)) — (IM — IMy)||,;

26:  end while

27: end for

28: Output:

29: Final optimal visual servoing trajectory given the current deformation of the object;

The visual servoing Algorithm 1 described in this section uses a deformable object’s mesh to
achieve precise camera positioning relative to the object, even as the object deforms. The key steps
are:

(1) The trajectory loop (lines 5:27) iterates through the reference camera trajectory, and for each
camera pose, the algorithm computes:
(a) for each triangle, using the reference object, the weights, the reference image projection,
and the interaction matrix;
(b) an overall weighted interaction matrix and reference and current object weighted images;
(2) The visual servoing loop (lines 17:26) then iteratively solves for the optimal camera pose
update that minimizes the difference between the reference and current object weighted images,
updating the camera pose accordingly.

This approach allows the visual servoing to adapt to deformations of the object, using the mesh

representation to correct the camera trajectory accordingly.

This algorithm was implemented using Matlab version a2015b. It was run on a laptop computer
with an Intel Core (TM) 15-4200U CPU processor and 6 GB of RAM. The object model used was
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a triangle mesh with 10000 vertices and 20 000 faces. The reference trajectory was sampled at a
step _size of 10 Hz. The maximum number of iterations, max _iter, was set to 100, and the stopping
error, €i,, was set to 0.01 pixels. The time complexity is of O(N x m*max_iter) order and the
space complexity is of O(m?) order.

The overall algorithm runs at an average speed of 40 Hz, enabling real-time visual servoing of
the deformable object.

This algorithm was tested across various scenarios, including multiple object types, reference
trajectories, deformation modes, and levels of image noise. The following experimental section
describes the results obtained in these diverse settings.

6. RESULTS ON SIMULATED DATA

This section shows several representative examples of our verification tests with simulated data
using two deformable objects: a planar object that is deformed to a bump-like shape and a model
of human liver that is deformed on its left and right lobes. We ran experiments on both linear and
nonlinear deformations. We tested our method on two geometric trajectories: Linear and circular.
To validate the robustness of our approach, we simulates noise detection on the 2D mesh vertices.
We used a perspective camera with a focal length of 1500. We ran our simulations on a Core (TM)
i5-4200U CPU processor and 6 GB of RAM and Matlab2015a. In the shown figures, distances are
in meters, translation speeds of the camera is in meter per second and rotation speeds are in radian
per seconds. The errors in image space are in pixels.

6.1. Results on a Planar Object and Linear Geometric Path

Figure 4 represents the target object in 3D space and its projection on the camera. The object is
composed of 200 triangles as shown in Fig. 5. During deformation, the camera trajectory is used as
a reference constraint to ensure that the target features remain within and adjust to the expected

Mesh to reference
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-800

-1000

0 200 400 " 600 800 1000

Fig. 4. Top right: The reference object is a planar triangular 3D mesh. Top left: The reference object and
the camera configuration in 3D space. Bottom: The viewed planar mesh in the camera plane.
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Fig. 5. Left: Deformed reference object with reference (green) and deformed (red) camera trajectories. The
reference camera follows a linear planned trajectory. Green cameras is the reference trajectory. Red Cameras
is the corrected trajectory. Here all weights are equal to one. Right: Reference viewed object (red) and
deformed viewed object (green). The corrected trajectory tries to fit as much as possible the reference view
of the object.
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Fig. 6. Left: The deformed 3D plane object with the camera which follows a linear planned trajectory. Green
cameras is the reference trajectory. Red Cameras is the corrected trajectory. Here all weights are equal to
one except the weights associated to the triangles on the top hill (yellow triangles). They are set to 4. Right:
Reference viewed object (red) and deformed viewed object (green). The corrected trajectory tries to fit as
much as possible the reference view of the object.

view dynamically. In Figs. 6, we control movement of the camera which depends on weights along
the path. In Figs. 5 and 6, yellow, orange, green and blue regions represent respectively the heatmap
of deformation going from high to low deformations. In this experiment we allocated continuous
constant weights. The weights of yellow region are the highest with continuous constant weights
equal to 4. The remaining regions have continuous constant weights equal to 1. There is no upper
or lower limit to the choice of weights. Only relative bigger/smaller values matter to modulate
more/less tracking focus on a particular area. Regions which are relevant at run time have bigger
weight values to enforce the tracking task to better follow those deformed parts.

6.2. Results on a Simulated Model of a Human Liver

The Liver is the largest organ in the human body. It belongs to the digestive system and provides
many vital functions to the body. In our work, we use the liver mesh to test the performance of
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Fig. 7. Liver before and after nonlinear elastic deformation. Red Liver represents the organ at rest.
Green Liver represents the organ after nonlinear deformation.
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Fig. 8. Liver after a linear elastic deformation and camera follows a reference straight trajectory. Results
of test (1) are shown. Left shows The reference trajectory. Right shows a side view of the trajectory after
correction. Green cameras is the reference trajectory. Red Cameras is the corrected trajectory. Bottom
shows the variation of pixel points during the correction of the camera pose. Green cameras is the reference
trajectory.

our method. To deform the liver we used a Mooney-Rivilin hyper-elastic physical model and used
the approach proposed by Saidi et al. work [48] to speed-up the calculation of the nonlinear
elastic deformations. The liver mesh contains 130382 triangle and 12226 vertex (see Fig. 7 for an
illustration). We ran experiments on two types of deformations: Linear and nonlinear. For the
same mesh of the liver, we moved a selected deformed part of 825 by 6 mm in the z-axis, which is
considered as a linear deformation. In a second deformation, we moved the same 825 vertices by
22 mm, which is considered as a non-linear deformation.
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Fig. 9. Analysis of the performance of the camera speed when tracking a deformed object with linear defor-
mation. Left figure represents camera speed in translation. Right figure represents camera speed in rotation.
Red dots represent camera speed following strategy of test (1). Green dots represent camera speed following
strategy of test (2). wy and w. are similar for both tests.

6.2.1. Results with linear deformation of the liver. For the linear deformation, we used a com-
mand to control the movement of the camera which was following a reference horizontal straight
line trajectory as shown in Fig. 8. We ran two tests: Test (1) where all the weights are constants
and equal to 1 for all the triangles. Test (2) where the weights vary according to the amount of
viewed deformation. This amount is computed as the ratio of the area of current deformed triangle
above the area of the reference visible triangle (see Section A.2 for more details). The areas are
computed on the visible triangles in the 2D image (reference and current deformed). This strat-
egy allows us to give more importance to deformed regions in comparison to other areas less or
non-deformed. The obtained result shows us that the camera has followed the deformation of the
liver without losing the imposed trajectory (test (2)). In test (1), the trajectory of the camera has
changed barely and uniformly since the weights of all triangles were equal. In test (2) the camera
has updated significantly its trajectory around the deformed area while keeping a trajectory close
to the reference one far from the area of deformation. Figure 9 shows the performance of the camera
control analysis during the dynamic tracking. It displays the translation and rotation of the camera
during the tracking of the liver deformation. The rotation speeds w, and w, are similar for both
tests. The translation amounts in y and z axes are also almost similar. The noticeable difference
is in translation and rotation along z-axis which corresponds to the major axis of deformation.

6.2.2. Results with nonlinear deformation of the liver. In this experiment we ran the same
configuration of test (1) and test (2) setups as previously. Here we consider a nonlinear deformation
with a maximum of 6 mm displacement of the left liver lobe as shown in Fig. 7. The trajectory of
the camera is a straight horizontal line represented by green, and the corrected view represented
by red color. Figure 10-left shows a corrected camera trajectory in red which was obtained with
all the weights being set to 1. Figure 10-right shows a corrected camera trajectory in red which
was obtained with the weights of the most deformed regions are equal to 5 and the least deformed
or non-deformed has a weight of 1. The curvature of the corrected trajectory is more important in
the case of test (2) (right figure). The nonlinear deformation of the triangles in the image is kept
as close as possible to their areas in the reference image. The weight functions allow us to take the
most relevant deformed triangles from the liver and adjust the amount of correction accordingly.
We notice through the Fig. 10 on the right that the camera path is most affected. This is consistent
with the nonlinear deformed triangles.
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Fig. 10. Liver after a nonlinear elastic deformation and camera follows a reference straight trajectory. Results
of test (2) are shown. Left shows side view view. Right shows another side view. Green cameras is the
reference trajectory. Red Cameras is the corrected trajectory.
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Fig. 11. Analysis of the performance of the camera speed when tracking a deformed object with nonlinear
deformation. Left figure represents camera speed in translation. Right figure represents camera speed in
rotation. Red dots represent camera speed following strategy of test (1). Green dots represent camera speed
following strategy of test (2).
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Fig. 12. Liver after a nonlinear elastic deformation and camera follows a reference curvilinear trajectory.
Results of test (1) are shown. Left shows top view. Right shows a side view. Green cameras is the reference
trajectory. Red Cameras is the corrected trajectory.
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Fig. 13. Liver after a nonlinear elastic deformation and camera follows a reference curvilinear trajectory.
Results of test (2) are shown. Green cameras is the reference trajectory. Red Cameras is the corrected
trajectory.

We can observe that the convergence speed is quite fast for the approach (after 10 iterations).
The result of the computation of the correction of the camera configuration is displayed in Fig. 11.

6.2.3. Results with nonlinear deformation and curvilinear reference trajectory. For a non-linear
trajectory, we performed a test on a curvilinear reference trajectory plane with the following pa-
rameters: ¢ = (0:0.01: %), c; = R*cos(f), ¢, = R+cos(f), c. =1. The angle of the camera is
kept constant during this trajectory pointing down to the negative z-axis. We used this reference
camera configuration in equation (22). We tested our control strategy with the two test cited in
the Section 6.2.1 (test (1) and test (2)). For test (1), we observed that the camera followed the
trajectory as is showed in the Fig. 12 in the right. For test (2), we made a test with the same
control strategy and curvilinear trajectory but we changed the weight of the triangles where we
gave an importance for the triangles that deform a constant value of weight between 1 and 5 as
is showed in the Fig. 13. The result obtained shows us that test (2) is better than the test (1).
In test (1), the camera followed the trajectory but the deformation was not well captured. Test 2
succeeded in following the trajectory with a precise deformation capture. In addition, the result of
the speed translation and rotation of the camera tracking was better in test (2) than the test (1) as
it is shown in Figs. 17. Also, we noted that even in the pixel variation there is a difference which
test (1) has a variation of 0.06 to 0.1. and test (2) has a variation of 0 to 0.5.
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Fig. 14. Analysis of the performance of the camera speed when tracking a deformed object with nonlinear
deformation and following a curvilinear trajectory. Left figure represents camera speed in translation. Right
figure represents camera speed in rotation. Red dots represent camera speed following strategy of test (1).
Green dots represent camera speed following strategy of test (2).

0.3. Robustness to noise in 2D vertex detection

Our method aims at making the camera motion control more robust. Therefore, we tried
to mimic the real image measurements perturbations with a Gaussian random noise added to
equation (4). This noise is centered with a standard deviation of 1 pixel. It is added to the
coordinates of the image im;, 1 < i < m. We performed a test on a nonlinear deformation with a
comparison of both experimental setups (test (1) and test (2)). We observed that for test (1), the
corrected trajectory was not as satisfactory when compared to the same setup in the noise-free case
(see Fig. 15 for an illustration). For test (2), the result was more consistent with the one obtained
in the noise-free case as can be seen in Fig. 16. So we can say that allocating appropriate weights
to relevant deformed regions is not influenced by the perturbations while tracking and control the
camera trajectory. Figure 17 show the differences speed between the cameras translation, rotation
and pixel point variation. The green color is for test (1) and the red color is for test (2). We noticed
that test (1) is slow in translation and rotation compared to test (2).
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Fig. 15. Liver after a nonlinear elastic deformation and camera follows a reference curvilinear trajectory.
Results of test (1) with noisy data are shown. Left shows top view. Right shows a side view. Green cameras
is the reference trajectory. Red Cameras is the corrected trajectory.
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Fig. 16. Liver after a nonlinear elastic deformation and camera follows a reference curvilinear trajectory.
Results of test (2) with noisy data are shown. Left shows top view. Right shows a side view. Green cameras
is the reference trajectory. Red Cameras is the corrected trajectory.

6.4. Discussions and comments

The importance of the weights is clearly shown in Figs. 5 and 6. On one hand, we can see
on Fig. 6-left how the reference trajectory is bent mostly when it comes close to the most deformed
area. This behavior is obviously not observed when all the weights are equal to each other. On
the other hand, we can see how the view of the deformed region is closer to the reference view
in Fig. 6-right when compared to Fig. 5-right. The importance of the optimal visual control frame-
work and its robustness can be seen in the results obtained in Figs. 8 to 17. These figure emphasize
the reliability of the proposed approach to the type of deformation (linear/nonlinear), the type of
trajectories (geometrically linear/nonlinear) and the noise in 2D detection. We have shown that
at every scenario of these experiments, the proposed method allows us to compute a rigid camera
correction. Given that the most relevant triangles of the deformable area are given high weight
values, the reference trajectory is bent to adapt mostly to those areas no matter are the aforemen-
tioned categories.
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Fig. 17. Analysis of the performance of the camera speed when tracking a deformed object with nonlinear
deformation and noisy data. Left figure represents camera speed in translation. Right figure represents camera
speed in rotation. Red dots represent camera speed following strategy of test (1). Green dots represent camera
speed following strategy of test (2).

7. CONCLUSION

This paper presents a nonparameteric approach to visually compensate nonrigid object defor-
mation with rigid camera motion. This compensation is processed while the camera is following
a reference trajectory thanks to continuous weight functions. These weights ensure to focus on
the most relevant deforming areas while stabilizing the view at run-time according to the reference
view. We embed our compensation strategy in an optimal visual control setup. We experimentally
proved that our approach is robust to linear/nonlinear deformations, to linear/nonlinear geomet-
ric paths and to noise in 2D detection. We emphasized the fact that our method do not require
information on the type of object, deformation or trajectory.

This work allows us to setup strong formal basis for a prospective real application in a laparo-
surgery context. The surgeon can plan the intervention with the help of a technician giving large
weights to relevant area of the target organ and describing a reference geometric path for the laparo-
scope. During surgery, the motion compensation can be done by a robot holding the laparoscope
using our method. Based on state-of-the art approaches of 2D landmark detection in laparoscopy,
we will implement a realtime algorithm to detect and build 2D mesh with vertices. This will allows
us to fully automate the processed trajectory tracking and visual servoing.
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APPENDIX

A.1. COMPUTATION OF THE INTERACTION MATRIX

Given a 3D vertex with coordinates (X,Y, 7 )T in the camera frame then its 2D perspective
projection onto the camera plane is given as

x=X/Z, (A.1)

y=Y/Z. (A.2)
Where im = (z,y)" is the image coordinate of the 3D point without considering the focal length
and the principal point (in our work we consider a calibrated camera of known intrinsics). The
time derivative of the above projection about a reference 3D vertex coordinate (X, Yp, Zp) is given
as

i=X/Z - Zz)Z, (A.3)

§=9/7 - 2y (A4)

Let us consider the translation velocity of the cameras as v = (v, vy, v.) " and its rotation velocity
as w = (wy,wy,w,) ! such that the total vector of camera velocity is written as ¢ = (v',w')". The

formula relating the velocity of the 3D point to the velocities of the camera can written with the
following formula from the classic work by [49]:

X =—u, — wyZ + w.Y, (A.5)
Y = vy —w, X +w,Z, (A.6)
Z=—v, —w,Y + wyX. (A7)

Replacing the 3D velocity expression of equations (A.5)-(A.7) into the expressions of 2D velocity
(A.3)-(A.4)

&= vy /Z + 20,/ 7 + +ayw, — (1 + 2*)wy, + yw,, (A.8)

U= —vy/Z +yv./Z + (1 + yH)ws — YW, — 20, (A.9)

Rearranging the terms and using the notation of the interaction matrix from equation (6), we can
rewrite the above system as

(&,9)" = L(z,y, Z)c. (A.10)

If we consider a high enough sampling period T (at least 30 fps), then the above formula can be
discretized as follows

(x —z0,y — o) /T = L(z,y, Z)(c — ¢o)/T. (A.11)

Where c is represented by the translation position of the camera center and the Rodriguez vector
of rotation

¢ = (tmvtyatz>9m70y>92)T- (A.12)

Where (t4,t,,t.) are the 3D position coordinates and 6 = /62 + 02 + 62 is the angle of rotation and

/0, , 0, 1s the unit axis of rotation .co=(t,,t;,1,,0-,0", 1s a reference camera
0./6,0,/0,0./0) is th i is of i 50 222029202T' f

configuration close to ¢. Simplifying equation (A.11) by the sampling period on both sides gives
(= 20,y — o) " = L(z,y, Z)(c - o). (A.13)
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This mapping is known as the interaction matrix which relates close variations of the camera
velocity to close variations of the 2D projected points. Let us consider the mapping II that is
defined in equation (3) which assumes the projection of a 3D triangle as a compound 3 vertices
geometric primitive. The first order Taylor expansion of equation (4) about a reference camera
configuration ¢y close to a given camera configuration c is provided in equation (5). The term %—1;[ is
the interaction matrix that relates the variation of the variation of camera configuration to the 2D
projection of the 3 vertices composing the triangle. Thus the analytic expression of %—1;[ is obtained
by vertically concatenating the matrix provided in equation (A.10). Thus matrix %—12 is 6 columns.

It has 6 rows since every vertex’ triangle gives 2 equations and every triangle has three of them.

A.2. EXAMPLE OF WEIGHT COMPUTATION WITH VISIBLE AREAS OF TRIANGLES

There is no optimal or exact way of computing the weight functions [39]. However, there many
approaches that can be taken to build continuous weight functions. The simplest one is to make
them constant as was done the protocol test (1) in our experiment. Another approach associate
them to the amount of deformation to take into account deformed regions more than others. In
this case, let us assume that we have one undeformed 3D triangle viewed by a camera along a
reference trajectory 7(s). The 2D projection of this triangle onto the reference camera is continuous
along v(s) since it is a static object seen by a continuously moving camera (see Fig. 18). The 2D
location of the projected triangle can be written as

ima(s) = (29(s). 23(s), 23(), 42 (5). 83(), 83(5)) - (A.14)

() e 1
ao(s):§det 29(s) yi(s) 1. (A.15)
23(s) yi(s) 1

Where det() denotes the determinant of squared matrices. If we consider a(s) as the area of the
projected triangle onto the camera at runtime, then the formula of computing the weight function

Fig. 18. Example of weight computation based on the area of 2D triangles. In this figure, we consider a
reference camera in green viewing one reference triangle in green along a reference trajectory v(s), 0 < s < 1.
After deformation, the new deformed triangle is showed in 3D space with red color. The corrected camera along
the trajectory is displayed in red color. We picked-up three samples of the trajectory si, s2 and s3 to depict
three couple of views of both the reference triangle from reference camera and deformed triangle from corrected
camera pose. As can be seen in the 2D image planes of both cameras, the area of the viewed triangles change
continuously along the trajectory. Here the weight is computed as w(s) = ao(s)abs(ao(s) — a(s))/(1+ ao(s)).
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can be computed as

abs(ag(s) — a(s))
(1 + ao(s))

Where abs() stands for the absolute value of real numbers. The above defined w(s) is continuous
as composed of continuous functions (a(s) and ag(s)). It is positive at every s for 0 < s < 1. When
the triangle is not visible in the reference view, its area ag(s) is null, which makes its weight also
zero. The more the triangle is deformed the bigger is abs(ag(s) — a(s)) which allows us to account
more for deformed regions.

w(s) = ag(s) (A.16)
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